Problem set 5 Micro 1 QEM 2015/16

1. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers. The
individual utility functions are Cobb-Douglas functions given by

[N

Ul(il?11,$12) = (9311)%(1'12)% and U2(51721,5522) = (9321)%@22)

er = (1,2) and ey = (2,1) are the initial endowments.

(a) There exists a competitive equilibrium of this specific pure exchange economy. Why
so?

(b) Draw the Edgeworth box and represent the indifference curves of both consumers.

(c) Compute the competitive equilibrium ((p*,1), 25, 23) € R3, x R}, (the price of
commodity 2 has been normalized to 1), and represent ((p*, 1), 2%, x3) in the Edge-
worth box.

(d) Determine the redistribution of initial endowments (€y, €2) for which:

e both consumers have the same initial endowment of commodity 1, and
e the competitive equilibrium ((p*, 1), ], z3) is still a competitive equilibrium of
the pure exchange economy with initial endowments (€7, €3).

2. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers. The
utility functions are of the Cobb-Douglas type, that is for all ¢ = 1,2

Ui($i1, :CZ'Q) = (xﬂ)o‘i(xig)l*ai with o; € ]O, 1[

The initial endowments are e; = (e11,€12) > 0 and ey = (ea1, €22) > 0.

(a) Compute the aggregate excess demand function of this economy and show that it
satisfies the gross substitute property, i.e. if the price of one commodity increases
and the other one is kept fixed, then the aggregate excess demand of the other
commodity strictly increases.

(b) Show that if all consumers have the same initial endowments e; = ey = e =
(e1,e3), then the aggregate excess demand is the same as the one of a unique
consumer having initial endowment 2e and a utility function given by u(z,x2) =
(m1)1Fe2(x9)27 1722 Determine the equilibrium price as a function of e, a; and
ao.

(c) Show that if all consumers have the same utility function, then the aggregate excess
demand is the same as the one of a unique consumer with the same utility function
and initial endowment r := e; + e5. Determine the equilibrium price as a function
of r and o;.
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3. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers. The
individual utility functions are linear functions given by

U1($117$12) =211 + 712 and U2($21,$22) = aw91 + broy

e1 = (2,2) and e3 = (2,1) are the initial endowments.
(a) Write the definition of a Pareto optimal allocation for this specific pure exchange
economy.

(b) First, take a = b = 1. Using the definition of a Pareto optimal allocation, show
analytically that the set of Pareto optimal allocations coincides with the set of
feasible allocations.

(c) From now on, take a = 1 and b = 2. Draw the Edgeworth box and represent the
indifference curves of both consumers.

(d) Using the Edgeworth box and the definition of a Pareto optimal allocation, deter-
mine geometrically the set of all Pareto optimal allocations.

4. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers. The
individual utility functions are Cobb-Douglas functions given by

1 2 1 1
U1($117$12) = ($11)3($12)3 and U2($217$22) = ($21)2($22)2

er = (1,2) and e3 = (2,1) are the initial endowments.
Draw the Edgeworth box and represent the indifference curves of both consumers.

Using the Edgeworth box and the definition of a Pareto optimal allocation, show
that the allocations (e; + e2, (0,0)) and ((0,0), e; + e3) are the only Pareto optimal
allocations on the boundary of the Edgeworth box.

(c) Using the first order conditions for Pareto optimality, compute all the Pareto opti-
mal allocations z* = (z7, 23) > 0.

(d) Represent the set of all Pareto optimal allocations in the Edgeworth box.
5. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.

We assume that for every ¢ = 1,2, the preferences of consumer ¢ are represented by the
following utility function

(i1, o) = vi(Ti) + vi(x:2)

where for every ¢ = 1,2, v; is a function from R, to R, satisfying the following assump-
tions:

1. v; is continuous, strictly concave and strictly increasing on R, ,

2. wv; is differentiable on R, and the first derivative of v; is strictly positive on R, ..
Assume that the aggregate initial endowment r = (71, 72) is such that 1 = ry = w > 0.

Show that the Pareto optimal allocations are the allocations (¢;7,tyr) where t; > 0,
t2 ZOandtl—l—tg:l.
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6. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The initial endowments are e; = (1,1) and es = (1,1). The consumption set of both

consumers is R | the utility functions are given by

2 3
uy (211, T12) = glnxll + 3 Inzyy and wug(war, x92) = 1 Inze; + 2 In 299

(a) Find all Pareto optimal allocations.

(b) For equity of treatment, the planner wishes to obtain a Pareto optimal allocation
which guarantees the same consumption in commodity 1 for both consumers. De-
termine this specific Pareto optimal allocation z* = (27, 23) > 0.

(c¢) In order decentralize this Pareto optimal allocation z* = (z7,x3), the planner has
the possibility to implement some transfer between the initial endowments of com-
modity 1. Determine the transfer which leads to a competitive equilibrium satisfying
the equity of treatment.



