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Exercises for TDs

Exercise 1 (Linear preferences). L = 2 is the number of commodities and R? is the

consumption set of the consumer. For all z = (2',2?) € R2 and 7 = (z',7%) € R?,
xif(z}axl—i-be > az! + bT?

with @ > 0 and b > 0. For every 7 € R%, determine and draw the indifference curve I(7) and

the upper contour set U(T).

Exercise 2 (Leontief preferences). L = 2 is the number of commodities and Ri is the
consumption set of the consumer. For all z = (z',2?) € R2 and 7 = (z!,7%) € R%.

z = T <= min{z!, 2%} > min{z!, 7%}
For every x € ]Ri, determine and draw the indifference curve I(Z) and the upper contour set

U(T).

Exercise 3 (Lexicographic preferences). L = 2 is the number of commodities and ]R%r is

the consumption set of the consumer. For all z = (z!,2?) € R% and 7 = (z',7?) € R%

rr T “a! >z 7 or “2! =7 and 2? > 72
1. For every T € R%, determine and draw the upper contour set U(Z).

2. Show that for every Z € R%, the indifference set I(Z) is a singleton.

Exercise 4.

1. Consider the linear preferences given in Exercise 1. Show that this preference relation is
continuous, convex, strictly monotone, but it is not strictly convex.

2. Consider the Leontief preferences given in Exercise 2. Show that this preference relation is
continuous, convex, monotone, but it is not strictly convex and it is not strictly monotone.

3. Consider the lexicographic preferences given in Exercise 3. Show that this preference
relation is strictly monotone and strictly convex but it is not continuous.

Exercise 5. L = 2 is the number of commodities. Let p = (p', p?) > 0 be a price system and let
w > 0 be the wealth of the consumer. Determine graphically the demand of the consumer for
the three following cases: linear preferences (see Exercise 1), Leontief preferences (see Exercise
2), lexicographic preferences (see Exercise 3).



Exercise 6 (Cobb-Douglas utility function). L = 2 is the number of commodities and Ri
is the consumption set of the consumer. For all z = (2!, 22) € Ri,

u(zt, 2?) = (2)*(@?) " with 0 < a < 1

1. For every T € R%, determine and draw the indifference curve I(Z) and the upper contour
set U(T).

2. Determine the following properties of u: continuity, differentiability, (strictly) increa-
sing, (strictly) (quasi-)concavity.
Exercise 7. Let p = (p',p?) > 0 be a price system and w > 0 be the wealth of the consumer.
Consider the Cobb-Douglas preferences given by Exercise 6.
1. Show that if 2* = (2*!, 2*?) belongs to the demand of the consumer, then z* > 0.

2. Verify that the following utility function represents the Cobb-Douglas preferences on the
interior of Rz_:
u(z', 2?) = alnz + (1 — o) In2?

3. Determine the following properties of w: differentiability, (strictly) increasing, (strictly)
(quasi-)concavity.

4. Determine the demand of the consumer.

Exercise 8. L = 2 is the number of commodities. The firm produces commodity 2 using
commodity 1 as an input.

1. The production function is f(y') = —ay! with a > 0 and y* < 0.

e Write and draw the production set Y determined by the production function f.

e Determine the following basic properties of Y: possibility of inaction, closedness,
impossibility of free production, free-disposal, irreversibility, convexity,

increasing/decreasing/constant returns to scale.

2. The production function is f(y') = ay/—y! with a > 0 and y' < 0, same questions.

3. The production function is f(y') = a(y')? — By! with a > 0, 8 > 0 and ' < 0, same
questions.

Exercise 9. L = 3 is the number of commodities. The firm produces commodity 3 using
commodities 1 and 2 as inputs. The production function is given by

fyhv?) = (—yH)*(—y*)? with a >0, >0, y' <0and y* <0



1. Write the production set Y determined by the production function f.

2. Determine the following basic properties of Y: possibility of inaction, closedness, impossi-
bility of free production, free-disposal, irreversibility, convexity, increasing/decreasing/constant
returns to scale.

Exercise 10. L = 2 is the number of commodities. The firm produces commodity 2 using
commodity 1 as an input. The production function is f(y') = —ay' with a > 0 and y' < 0.

1. Write the profit maximization problem of this firm.

2. Consider the production set Y determined by the production function f. Using the shape
of Y and the iso-profit lines, determine the supply of this firm.

3. Determine the profit function of this firm.

Exercise 11. Let L be the finite number of commodities. Assume that the production set Y
of the firm is represented by a transformation function ¢ from R to R.

1. Write the profit maximization problem (PMP) of the firm.

2. State and prove the proposition which concerns the uniqueness of the solution to (PMP).

Exercise 12. L = 2 is the number of commodities. The firm produces commodity 2 using
commodity 1 as an input. The production function is given by f(y!) = ay/—y! with a >
0 and y' < 0.

1. Write the transformation function and the profit maximization problem (PMP) of this
firm.

2. Show that if 4 = (3!, %?) belongs to the supply of the firm, then ' < 0 and * > 0.

3. Consider the open and convex set A = {y = (y',5?) € R?: y! < 0 and y? > 0}. Write
the first order conditions associated with (PMP) on the set A, and determine if these
conditions are necessary and/or sufficient to solve (PMP) on the set A.

4. Compute the supply and the profit function of the firm.

Exercise 13. Let L be the finite number of commodities. A firm produces commodity L using
the other L — 1 commodities as inputs. g\ := (' .yt Lyt € RL=! denotes a generic
bundle of inputs. Show that if the production function f : RE™! — R is differentiable and
concave on the interior of RX~!, then the transformation function defined by



is differentiable and quasi-convex on the open and convex set A = {y = (y\,y%) € RF: ¢\ <«
0 and y* > 0} [ suggestion: use the first order characterization of concave and quasi-convex
functions ].

Exercise 14. L = 3 is the number of commodities. The firm produces commodity 3 using
commodities 1 and 2 as inputs. The production function is given by

fh ) = (—y)*(—y?»”? with a >0, >0, y* <0 and y* <0
with o+ 5 < 1.

1. Write the transformation function and the profit maximization problem (PMP) of this
firm.

2. Consider the open and convex set A = {y = (y!, 9%, 3%) € R®: y! < 0,94% <0, and 3* > 0}.
Write the first order conditions associated with (PMP) on the set A, and determine if these
conditions are necessary and/or sufficient to solve (PMP) on the set A.

3. Compute the supply and the profit function of the firm [ suggestion: distinguish the two
casesa+f<landa+p=1].

Exercise 15. Using the definition of the profit function 7, prove that 7 is a convex function.

Exercise 16. L = 2 is the number of commodities. The firm produces commodity 2 using
commodity 1 as an input.

1. The production function is f(y') = a(1 — exp(ky')) with k£ > 0, o > 0 and y* < 0.

Determine and draw the production set Y determined by the production function f.

For every level of output 2 > 0, determine and draw the following set

Y(@) ={y' €R:y' <0and f(y') > 7"}
e Write the cost minimization problem of this firm.

e Determine the demand of inputs and the cost function of the firm.

2. The production function is f(y') = ay/—y! with a > 0 and y' < 0, same questions.

3. The production function is f(y') = a(y')? — By' with a > 0, 3 > 0 and y' < 0, same
questions.



Exercise 17. L = 3 is the number of commodities. The firm produces commodity 3 using
commodities 1 and 2 as inputs. The production function is given by

f@hy*) = (—y")*(=y*)’ with a >0, >0, y" <0 and y* <0
with a4+ § < 1. Determine the demand of inputs and the cost function of the firm [ suggestion:

distinguish the two cases a + 3 <1 and a+ =1/

Exercise 18. L = 3 is the number of commodities. The firm produces commodity 3 using
commodities 1 and 2 as inputs.

1. The cost function is C(p', p?, %) = 2 (gf’)Q (pl)
function of the firm.

(PQ) 3 compute the supply and the profit

2 1
2. The cost function is C(p!, p?, 3°) = 27> (pl) 3 (pQ) 3 same questions.

Exercise 19. Let L be the number of commodities. A firm produces commodity L using the
other L — 1 commodities as inputs. y\ := (y', .yt Lyt € RL! denotes a generic bundle
of inputs. Show that if the production function f : REL — R, is concave, then the the cost
function C (p\, g~ ) is a convex function with respect to the output level gh e R,

Exercise 20. L = 3 is the number of commodities. The production function is given by Exercise
17. Using the demand of inputs and the cost function determined in Exercise 17, determine the
supply of the firm [ suggestion: distinguish the two cases a +f <land a+ =1 ].
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Exercises for TDs

Exercise 1. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The individual utility functions are linear functions given by

ui(zh,2?) =zt + 22 and  wg(zl, 23) = axl + ba3
e1 = (2,2) and eg = (2,1) are the initial endowments.

1. Draw the Edgeworth box associated with this economy and represent the feasible allocation
(e1,€2).

2. Consider the point (1, %) and determine the individual consumptions associated with this
point.

3. Write the definition of a competitive equilibrium for this specific pure exchange economy.

4. Take a =1 and b =1,

e Represent the indifference curves of both consumers in the Edgeworth box.

e Using the definition and the properties of competitive equilibria, determine geome-
trically the competitive equilibria of this pure exchange economy.

5. Take a =1 and b = 2, same questions.

Exercise 2. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The individual utility functions are Cobb-Douglas functions given by

wief,of) = (@) (@) and us(a},a3) = (23)? (a3)2
e1 = (1,2) and ez = (2,1) are the initial endowments.
1. There exists a competitive equilibrium of this specific pure exchange economy. Why so?
2. Draw the Edgeworth box and represent the indifference curves of both consumers.

3. Compute the competitive equilibrium ((1,p*?), 2%, 2%) € Ri 4 X Ri 4 (the price of com-
modity 1 has been normalized to 1), and represent ((1,p*?), %, x3) in the Edgeworth box.

4. Determine the redistribution of initial endowments (€1, e3) for which:

e both consumers have the same initial endowment of commodity 1, and

e the competitive equilibrium ((1,p*?), 2}, x3) is still a competitive equilibrium of the
pure exchange economy with initial endowments (€7, €3).



Exercise 3. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The utility functions are of the Cobb-Douglas type, that is for all ¢ = 1,2
wi(xj, af) = (x)%(af) ™ with a; €]0,1]

The initial endowments are e; = (el,e?) > 0 and ey = (e3,€3) > 0.

1. Compute the aggregate excess demand function of this economy and show that it satisfies
the gross substitute property, i.e. if the price of one commodity increases and the other one
is kept fixed, then the aggregate excess demand of the other commodity strictly increases.

2. Show that if all consumers have the same initial endowments e; = ey = e := (e!,¢e?),
then the aggregate excess demand is the same as the one of a unique consumer having
initial endowment 2e and a utility function given by u(z!,2?) = (x!)*1tez(g2)2-a1—az,
Determine the equilibrium price as a function of e, a; and as.

3. Show that if all consumers have the same utility function, then the aggregate excess de-
mand is the same as the one of a unique consumer with the same utility function and
initial endowment r := e1 + e. Determine the equilibrium price as a function of r and «;.

Exercise 4. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The individual utility functions are linear functions given by

1,2 1. .2 12 1 2
ui(zy,z]) =7 + 27 and  ug(xsz,x5) = axy + brs

e1 = (2,2) and eg = (2,1) are the initial endowments.

1. Write the definition of a Pareto optimal allocation for this specific pure exchange economy.

2. Take a = b = 1. Using the definition of a Pareto optimal allocation, show analytically
that the set of Pareto optimal allocations coincides with the set of feasible allocations.

3. Take a =1 and b = 2,

e Draw the Edgeworth box and represent the indifference curves of both consumers.

e Using the Edgeworth box and the definition of a Pareto optimal allocation, determine
geometrically the set of all Pareto optimal allocations.

Exercise 5. Let & = (u;, €;)i=1,..m be a pure exchange economy with L commodities and m

gooe

consumers. Prove the following proposition.

Characterization of Pareto optimal allocations. Assume that for all ¢ = 1,...,m, u;

is continuous and strictly increasing on Ri. Then, z* = (27, ...,x},...,z},) € ]RJLFI+ is a Pareto

optimal allocation of the economy & if and only if x* solves the following maximization problem:



max ui(xy)

LI
r e Ry, '
wi(zy) > ui(x}), Vi#1
I I
subject to
R - X
i=1 i=1

Exercise 6. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The individual utility functions are Cobb-Douglas functions given by

w(et,ad) = (@)3(D)5 and up(eh,a3) = (23)2(23)2
e1 = (1,2) and e = (2,1) are the initial endowments.

1. Draw the Edgeworth box and represent the indifference curves of both consumers.

2. Using the Edgeworth box and the definition of a Pareto optimal allocation, show that the
allocations (e; + e, (0,0)) and ((0,0), e + e2) are the only Pareto optimal allocations on
the boundary of the Edgeworth box.

3. Using the first order conditions for Pareto optimality, compute all the Pareto optimal
allocations x* = (a7, z3) > 0.

4. Represent the Contract Curve in the Edgeworth box.

Exercise 7. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
We assume that for every ¢ = 1,2, the preferences of consumer ¢ are represented by the following
utility function

ui(zf, 23) = vi(z]) + vi(z?)

where for every i = 1,2, v; is a function from R, to Ry satisfying the following assumptions:
1. v; is continuous, strictly concave and strictly increasing on R,

2. wv; is differentiable on R and the first derivative of v; is strictly positive on R, .

Assume that the aggregate initial endowment r = (r!,r2) is such that 7' = 72 = w > 0. Show
that the Pareto optimal allocations are the allocations (¢ir,ter) where ¢; > 0, to > 0 and
t1 +ta = 1.

Exercise 8. Let £ = (u;,€;)i=1,..m be a pure exchange economy with L commodities and m
consumers. State and prove the First Welfare Theorem.



Exercise 9. Consider a pure exchange economy with L = 2 commodities and m = 2 consumers.
The initial endowments are e; = (1,1) and es = (1,1). The consumption set of both consumers
is Ri +, the utility functions are given by

1 2 1 3
uy (x1, %) = glnm% + glnw% and  wsp(zd,23) = Elnmé + Zlnm%

1. Find all Pareto optimal allocations.

2. For equity of treatment, the planner wishes to obtain a Pareto optimal allocation which
guarantees the same consumption in commodity 1 for both consumers. Determine this
specific Pareto optimal allocation x* = (x7, z3) > 0.

3. In order decentralize this Pareto optimal allocation z* = (zF,2%), the planner has the
possibility to implement some transfer between the initial endowments of commodity 1.
Determine the transfer which leads to a competitive equilibrium satisfying the equity of
treatment.

Exercise 10. Consider a private ownership economy with L = 2 commodities, m = 2 consumers
and n = 2 firms. Both firms produce commodity 1 using commodity 2 as an input. The
production sets of the firms are defined below.

1
Vi = {(n,y1) € R*:y1 < —Jyi and yi <0} and Yo = {(y,43) € R*: g </ —y3 and y5 < 0}
The individual utility functions are given by
1,2 20, 1\2 1,2 12, 2y1
uy(wy, 1) = x1(21)” and ug(xy, x3) = (23)3(23)3
The initial endowments are given by e; = (2,10) and es = (2,6). Consumer 1 receives the

whole profit of firm 1 and % of the profit of firm 2 (consumer 2 receives the rest). The price of
commodity 2 is normalized to 1, i.e. p? = 1.

1. Write the definition of a competitive equilibrium for this specific private ownership eco-
nomy.

2. Compute the supplies and the optimal profits of firm 1 and firm 2.
3. Using the optimal profits of the firms, compute the demands of both consumers.
4. Determine the set of competitive equilibria.
Exercise 11. Consider a production economy with L = 2 commodities, m = 2 consumers and

one firm. The firm produces commodity 2 using commodity 1 as an input with constant returns
to scale. The production set of the firm is given by

Y ={(y",y*) e R*: y' <0and y* < —ay'}



with a > 0. The two consumers have the same preferences represented by the utility function

ui(z},22) = xla? for every i = 1,2. The initial endowments are e; = (1,2) and ey = (4,1). The

price of commodity 1 is normalized to 1, i.e. p! = 1.

1. Compute the demand of the consumers with respect to the price p? and the wealth w > 0.

2. Compute the supply and the profit function of the producer with respect to the price p?
and the marginal productivity c.

3. Show why the shares of the consumers on the profit of the firm have no influence on the
competitive equilibria of this economy.

4. Compute the unique competitive equilibrium of this economy with respect to a.
5. Give the utility level of the consumers with respect to the marginal productivity «.

6. Show that the utility of the second consumer is increasing. Show that the utility of the
first consumer is constant, then decreasing and finally increasing.

7. Can you explain the differences of the behavior of the utility levels of the consumers with
respect to the marginal productivity?

Exercise 12. Consider a production economy with L = 2 commodities, m = 2 consumers and
one firm. The firm produces commodity 2 using commodity 1 as an input with constant returns
to scale. The production set of the firm is given by

Y ={(y',y") eR*: y! <Oandy® < —y'}
The utility functions are given by
w(ef,of) = (@)3(@])s and ua(a3,a3) = (#h)? + (a3)?
and the aggregate initial endowment is r = (2, 1).

One looks for all Pareto optimal allocations (2%, 23, y*) = (21}, 212), (x5!, 232), (y*1, y*?)) of this

economy with y* # 0 and (27, 23) > 0.

1. Show that y* = (—t,t) with ¢ > 0 and that Vuy (23!, 23?) and Vug(xil, 252) are positively
proportional to (1,1).

2. Show that z3? = 223! and 23! = 232

3. Show that all Pareto optimal allocations satisfying the required conditions are given by
((—1+42t,—2+4t),(3 = 3t,3 — 3t), (—t,t)) with ¢t € 3, 1].
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Exercise 13. In a certain economy there are three commodities, the time for leisure / for labor
(commodity 1), the education (commodity 2) and the food (commodity 3). There is a single
consumer with the utility function

u(z?, 23) = 2223
which depends only on the consumption of education z? and the consumption of food z3, i.e.,
his consumption of leisure 2! does not have any impact on his preferences. The consumer has
an endowment of leisure equal to 1 and no endowment of education and food.

There are two firms. Firm 1 produces the education using the labor as the input according
to the production function fi(yi) = —%y% with y{ < 0. Firm 2 produces the food using the

labor as the input according to the production function fa(y3) = 21/—y5 with ya < 0.

1. For every firm j = 1,2, write the production set Y; of firm j.

2. Let (Z,7,72) € [0,1] xR2 x Y7 x Y3 be a Pareto optimal allocation of this economy. Using
the definition of a Pareto optimal allocation, prove that z' = 0.

3. Using question 2, first deduce the maximization problem under constraints which com-
pletely characterizes the set of Pareto optimal allocations. Second, using the Karush-
Kuhn-Tucker conditions associated with that problem, determine the unique Pareto opti-
mal allocation of this economy.

4. From now on, p = (1,p? p3) > 0 denotes a price system (i.e., the price of commodity 1
has been normalized to 1). We assume that all the agent are price-tacker and

(a) both firms are competitive,

(b) the consumer is the only owner of the firms.

Write the profit maximization problems of the firms. Write the utility maximization of
the consumer and prove that his demand of leisure must be equal to zero.

5. Consider the Pareto optimal allocation provided by question 3 and compute the suppor-
ting price p* for which the Pareto optimal allocation is the equilibrium allocation of this
economy.
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