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Differentiation and derivative

Definitions

® Afunction f: A C R — R is differentiable at a point xy € A if
the limit
f'(z0) = limp_0 f(%%f)b_f(x“) exists. Equivalently,

f(zoth)— f( o)=f'()h _ (4 or

|f(x)— f('??o) f'(zo)(x—20)| — 0.

[z —o

® Afunction f: A cC R" — R"™ is differentiable at a point o € A
if we can find a linear function D f(zy) : R" — R™ (that we
refer to as the derivative of f at x() such that

@) = [F(@o) + DS (o) — o)

0 lz = o

limy, o

11m$—>$0

=0

® |f fis differentiable Vx € A, we say that f is differentiable inA.
#® Derivative is the slope of the linear approximation of f at xo.
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Differentiability- lllustration

y = f(zo) + f'(x0)(x — x0)
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Differentiation and derivative (2)

Some theorems

® Theorem 1: Let f: A — R"™ be differentiable at xy € A.
Assume A C R" is an open set. Then, there is a unique linear
approximation D f(xg) to f at xo.

Recall some one-dimensional results

® Theorem 2 (Fermat): Let f : (a,b) — R be differentiable at
c € (a,b). If cis an extreme point of f then, f'(c) = 0.

® Theorem 3 (Rolle): Let f : [a,b] — R be continuous. Assume
f is differentiable in (a,b). Assume also f(a) = f(b) = 0.
Then, 3¢ € (a,b) such that f/(¢) = 0.

® Theorem 4 (Mean-Value): Let f : |a,b] — R be continuous.
Assume f is differentiable in (a,b). Then, Jc € (a, b) such that

f(b) = f(a) = f'(c)(b— a).

® Corollary: If, in addition, f/ = 0 on (a,b), then f is constant.
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Differentiation and derivative (3)

Proof of theorem 2

® Let f have a maximum at c¢. Then, for
h>0, [f(c+th)— f(c)]/h <0. Letting h — 0,h > 0 we get
f'(¢) < 0. Similarly, for h < 0, it follows that f/(¢) > 0. Hence,

f'(e) = 0.
® A parallel argument holds when f has a minimum at c.
Proof of theorem 3
® |If f(x) =0,Vx € [a,b], we can choose any c.

® |f f=£0, applying the boundedness theorem dc; where f
reaches a maximum and decy where f reaches a minimum.

® Since f(a) = f(b) =0, at least one of ¢y, ¢ lies in (a, b).

® Assume c; € (a,b). Then, applying theorem 1 f/(¢;) = 0.
Mutatis mutandis for ¢
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One-dimension theorems - lllustration

[,

Theorem 2
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Differentiation and derivative (4)

Proof of theorem 4
® Define an auxiliary function

g(x) = f(x) = f(a) — (x — a) =11
® ¢(z)is continuous in |a, b] and differentiable in (a,b).
g'(z) = f'(x) - "5 Also, g(a) = g(b) = 0.

® Applying Rolle’s theorem, ¢'(¢) = 0, Hence,
f(b) = f(a) = f'(c)(b—a).

Proof of the Corollary

°

® Apply Theorem 4 to f on [a, x].

® Then, f(z) — f(a) = f'(¢c)(z —a) = 0.
® Thus, f(x) = f(a) Vz € |a,b]

® Therefore, f is constant.
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One-dimension theorems - lllustration

f(z) 4

a /

Theorem 4
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The general Mean-Value theorem

® We say that c is on the line segment joning x and y if it can be
written as a convex combination of z and y. Namely,
c=(1—-XNx+ Ay, A>0, Ae|0,1]

The general Mean-Value theorem

(i) ® Letf:AcCR"— R Dbe differentiable on A (an open set).

® Consider (z,y) € A s.t. the segment defined by their
convex combination lies in A.

® Then dcin that segment such that
fy) = f(z) = Df(c)y — )
(i) @ Letf:AcCR"— R"™ be differentiable on A (open set).

Let f = (f1, f2,-.., fm). CGoOnsider (x,y) € A s.t. the
segment defined by their convex combination lies in A.

® Then d(cy,co,...,cn) on that segment such that
f’b(y) - fZ(x) — DfZ(CZ)(y - 37)7 v=1,2,...,n
MOVE® URB o852
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The Jacobian matrix

® letf:ACR" = R™ f(z1,...,3,) =
filzy, ... xn), fo(xr, .oy xn), e ooy f(T1, -, )]

#® Compute the partial derivative of f; wrt z;, i.e.

of. . .
8—53‘2, 7=1,...m;1=1,....n

®» Partial derivative. Definition
g;z (fL‘l, o 7fL'n) — 11mh_>0 fj(.CUl,...,.CUZ'—Fh,...,;LUn)—fj(Cl',‘l,...,.CUn)

® Theorem Let f: A — R™ be differentiable. Assume A C R" is
an open set. Then, the partial derivatives 0f;/0x; exist and

the matrix D f(x) is given by

L@ @ ... §E@)

0x, 0o 8&7n

(Jacobian matrix of f)

Ofnm OFfm Ofm
Ol (1) m(a) ... 8§n(a;))
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The gradient of f

® The gradient is the generalization of the concept of derivative
of a function in R to a function in R™.

® The gradient is the vector of the n partial derivatives of f.

® Gradient of f. Definition. Let f: A Cc R — R be
differentiable. The gradient of f is the vector whose
components are the elements of D f(x). That is,

® V= (), L@, .. 2Lw)

® The gradient points towards the direction of greatest rate of
iIncrease of the function f. (See below, p. 19)

® Recall: Let f: A — R. If fis differentiable at xy then it is
continuous at that point.
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Gradient - lllustration

® Consider f(z,y) = 42% + y2. Then, Vf = (8z,2y). The figure
represents the gradient at three points for the level set k = 1.
They are orthogonal to the level surfice as they show the
direction of greatest increase of f.

1 V3
__/V(f(4,2)(2,\/§)
|
| 1 3
VIS, L) = VT
N\ I9IG D=V
|
|
p—p
15 x
4 |9 1
Vf(5.0) = (4,0
1
V1 (5.0l = 4
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Continuity and differentiability

® Theorem: Let f: A — R™ be differentiable in A. Assume
A C R" is an open set. Then, f is continuous.

® Proof:
s f differentiable at zo means f(zo) = lim,_,,, 1&={(z0)

r—X

o We need to prove that lim,_,,, f(z) = f(xo)

lim [f(z) — f(zo)] = lim (z — xo)f(x) — f(20)

T—To Tr—Xo X — X

= lim (z — zg) lim f(@) = J(wo) _

T—rXTo T—XTo T — ,fUO

o Therefore, lim,_,,, f(z) = f(xzg) proving that f is
continuous.
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Continuity and differentiability (2)

® Theorem (Lipschitz property): Let f: A — R™ be
differentiable in A. Assume A C R" is an open set. Then, f is
continuous. More precisely, Vaxg € A,dM > 0 and dg > 0 such
that ||z — x| < dp implies ||f(x) — f(xo|| < M ||z — xo]].

® The Lipschitz property defines a stronger notion of continuity
where, the number M (called the “Lipschitz constant")
represents the bound of the slope of the function at z¢. A
particular case of Lipschitz continuity is the property of a
function being a contraction, when M < 1 (useful for
fixed-point theorems, and stability of equilibria).

® Theorem: Consider f: A — R™. Assume A Cc R" is an open
set. Assume f = (f1, fa,..., fm). If each of the partial
derivatives 0f;/0x; exists, and is a continuous function in A,
then f is differentiable in A.
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Directional derivatives

® |Intuition: Consider a function defined in a n-dimensional
space. The directional derivative is the rate of change of the
function f in a particular direction e.

® Definition: Let f : R" — R™. Assume f is defined in a
neighborhood of zog € R". Let e € R" be a unit vector. Then,
the directional derivative of f at x( in the direction e is defined
as

D, f(xg) = % (xo + he)|p=o = limy,_,

® This is very similar to the definition of a partial derivative.
However, this limit may be difficult to compute. An equivalent
formula can be derived using the gradient of f.

0 f(370+h<;)—f($0)
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Directional derivatives - using the gradient

Introduction

9

For illustrative purposes, the argument is developed in R?, but
straightforward generalization

® Consider f(x,y) and a unit vector e = (eq, e2).
Define g(z) = f(x,y) withz =z +ejzand y = g + esz.
Step 1
® Compute ¢'(z) = limy_, 9<Z+hg_g(z)
® Evaluateatz=0: ¢/(0) = limy,_,o L2900
® Substitute in g(+) for f(-) to obtain
g/(o) — hn,lh_>O f(f+61h7?;‘|‘}f2h)_f(5jag)
® Note that this limit is precisely the directional derivative of f at

(7,9),1.e. g'(0) = D f(Z,9)

uuuuuuuuuuuuuuuuu
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Directional derivatives - using the gradient (2)

Step 2

® Compute ¢'(z) using the Chain rule:

/ dg _ 0fox | Ofdy _ O
® §(z) =7 a£a§+a£a‘g fe+afe2='e-

N g/(Z) — gie —I_ 8562
#® FEvaluatingat z =0, ¢’(0) = %( el + 8f (7)e2

Yy
Step 3

® Combining the two expressions obtained for ¢’(0) in the two
previous steps, it follows that

of of

S(@)er+ 5 (()ea =V -e

D.f(7,7) = 0
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Directional derivatives - using the gradient (3)

® lete=(1,0,0,...,0) This is a unit vector in the direction x;.
Accordingly, the directional derivative coincides with the
partial derivative 0f /0.

® Thus, for a general direction e = (eq, ..., e,), the directional
derivative is a combination of all the partial derivatives with
weights e = (eq, ..., e,) for each of the n directions
respectively.

® Operative definition of directional derivative: Consider a
function f : R" — R. Lete = (eq,...,e,) be a unit vector (i.e.
a vector of lenght one). Then, the directional derivative is the
dot product of the gradient and the unit vector:

Dyf=Vf-e=>", g—iei

elona :
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Directional derivatives - using the gradient (4)

9

As the directional derivative is the dot product of two vectors,
it can be writtenas D, f =V f-e=|Vf|le| cost where 0 is
tha angle between the gradient vector and the unit vector.

Note that D, f is decreasing in cos . That is, the greatest
positive value of the directional derivative occurs at 6 = 0.
Hence, the direction of greatest increase of f is the same
direction of the gradient vector.

Also, the greatest negative value of the directional derivative
occurs at § = w. Hence, the direction of greatest decrease of
f is the direction opposite to the gradient vector.

Thus if two vectors a and b are orthogonal (i.e. 6 = 7 /2),
cos) =0 and thusa-b=0.

Similarly, two vectors a and b are parallel (i.e. 6 = {0, 7}),
cosf = +1ifa-b=|allb|

nnnnnnnnnnnnnnnn
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Directional derivatives - using the gradient (5)

L I

o o

Example:

Let f(x,y) = 42° + y*. Find the directional derivative in the
direction u = (2,1) at the point (z,y) = (1,1).

Compute the gradient: V f = (8z, 2y)

Evaluate the gradient at the point (1,1): Vf(1,1) =

Compute the unit vector e = (eq, e2):

» Given the direction u = (2,1), the length of this vector is

Jul = V22 + 12 = V5.
o Thene = (ej,eq) = Tall = (

= o
. sothatHeH:\/( )2 ( =)? =

The directional derivative requested is
Vf(l, 1) | (61,62)T — (872) | (%7 %)T

—
o) oo
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The Chain rule - Differentiating composite functions

® Many economic applications involve composite functions.
#® Directional derivatives is an application of the chain rule.

Set-up (in R?)
o Letz= f(x1,22),21 = g(t),x2 = h(t), be differentiable.

o Write z = f(g(t),h(t)) = ¢(t) Question: Value of d¢/dt?

» Answer (theorem): ‘flf — gjl dg; + 515; CZ?

°

® A more general set-up
® z= f(z1,22), i = gi(l1,12,13), (i =1,2), 2 = ¢(t1,t2,t3)
s Then, §2 = 2L0n 4 DL (j—1,2,3)

® General set-up
®» T = f(iEl,... QEn), iy :gi(tl,...,tm), Z = ¢(t1,...,tm)
9 Of dx; (: _
s Then, gf =0, 5L% (j=1,...,m)

M/ VE® unB a8
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The Chain rule - Proof

# Use definition of derivative: 92 = lima; o 2E50—¢0) _

im0 f(g(t+At),h(t+AAtt))—f(g(t),h(t))

® Define Az = g(t + At) — g(t), Azs = h(t + At) — h(t)

® Substitute:
dp
ar —

H(t+AD)—¢(t) _

0 flx1+Azi,xo0+Axs)—f(z1,22)

im0 At imag, At

® Add and substract f(x1,z2 + Azs)
flz14+Ax1, 20+ Axs)—f(x1,22)+ f(x1,22+Axs)— f(21,22+Axs)

= lima¢—0 At
IRT flx1+Azxy,xo+Axs)— f(x1,22+AT2) Axy
— hmAt—>0( At Az +
f(z1,x2+Axs)—f(x1,22) Axs
At sz
e f(x1+Ax,xo+Axs)— f(x1,22+A%2) Axy
— hmAt—)O( Az, At +
f(z1,x2+Axs)—f(T1,22) Axy \ _
Axg At o

nnnnnnnnnnnnnnnnnn
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The Chain rule - Proof (cont’d)

9 f($1+A$1,332+A332) f(xq,
Axl
fx1,22+Az)—f(21,22) 1- Axs
Az hmAt—>O At

To+Axs) HmAt—)O Axy

To+Azs)—f(x1,22) das

f(x1+Az, 220+ Axs)— f(1,22+Axs) dxl 4 [z,

— Aa:l

Note that when At — 0 it follows that Azy — 0 and Az —
f(£U1—|—A£U1,ZU2—|—A£U2)—f(£U1,Cl?g—l—A.CUQ) L

Note that lima,, o

A.CUl o 8_£U1

f(w17x2+Ax2)_f(xlaw2> —

© o o o

~ Oz,

8_]C dﬂfl 8f dﬂ?g

do __
Hence, we conclude = et

0

nnnnnnnnnnnnnnnn
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The Chain rule and directional derivatives

°

Consider f(z,y) and a point (zg, yo) in the domain of f.

°

Consider any vector (h, k) # 0. It gives a direction to move
away from (xg, yp) in a straight line towards points

(z,y) = (x(t),y(t)) = (xo + th,yo + tk)
Given (xg,yo) and (h, k), define the directional function
g(t) = f(xo + th,yo + tk).

Question dg/dt?

°

Apply Chain-rule: dt = gf; ijg + g‘; Cfé{ = (%h + afk

Lett = 0. Then, 4 Hli—o = x|(x0,y0)h + a—y|(x0,y0)k =Vf-(hk).

© o o o

When (h, k) is the unit vector (i.e. h? + k? = 1), the derivative
of f in the direction (h, k) is the directional derivative of f at

(20, %0)-

MOVE[} unB Barcelona
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The Implicit function theorem

Motivation
® Consider f(z,y) = 2> +y? — 1.
#® 1.- Can we find a function y = g(x) for (x,y) s.t. f(x,y) =07
® e, canwe write f(x,g(z)) = 0 for all « in the domain of ¢?
® 2.- how changes in x affect y?

Some examples

® Example 1
o Let f(z,y) =ay—bxr —c
values that satisfy f(x,y) =0areay —bxr —c=0
Suppose a # 0
Then, y(z) = (b/a)x + c/a
y(x) contiunuous Vz; y(x) differentiable, dy/dx = b/a

o o o ©

s Note 5/ = a. Hence, f(x) exists and differentiable iff
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The Implicit function theorem - example 2

® Consider f(z,y) = 2% + % — 1.

® letxe|-1,1]andy >0

#® Consider points (a,b) such that f(z,y) =0
» Jf = (%), %) = (20,20)

® l(a,b)=2b#0ifb#0.

® Theny=g(x)=+v1-—2?and

flz,gx) =2+ (V1 —-a22)  -1=22+1—-2°-1=0

M OVE 9 U NB [ )
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The Implicit function theorem - example 3

® Consider the functions

fi:RRxR*=R:(z,y,z,w) = z*+y* + 2° + w? =2

fr:R*xR*=R: (z,y,z,w) = 2% —y* + 2% —w?

® Suppose I(xg, yo, 20, wo) With zg > 0, wy > 0 satisfying
fl(m()’yO’ZO?wO) — O,fQ(Qj(),yO,ZO,UJO) =0

® Note that
of  of 0y 9
0 wo
A = gj’% g}g = 0, 9 = —8zqwp # 0
0z ow (20,wo) 0 0

® Then, it is easy to verify that the functions

z=gi(z,y) =V1—2x?and w = go(x,y) = /1 — y? satisfy
fl(xayagl(xay)792(xay)) =0 and fQ(xayagl(xay)792(x7y)) =0
,,,,,,,,,,,,,,,,,,,,,,,

OPT - p.27/91



The Implicit function theorem (2)

The general question
® Consider a function f : R" x R™ — R™. Consider f(z,y) = 0:

fl(xl,...,a:n;yl,...,ym) =0

fm(azl,...,a:n;yl,...,ym) =0

#® We aim at solving for the m unknowns (y1, ...,y ) from the
m equations in terms of (z1,...,xz,).
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The Implicit function theorem (3)

® leti=1,2,....m
® Suppose f; : R" x R™ — R has continuous partial derivatives.
® Consider (zg,y0) € R" x R™ with f;(zg,y9) = 0, Vi.
#® Assume the determinant A evaluated at (xg, yo) is not zero.
9f Of1
Oy 7" Oym
A= : : # 0
O fm 0fm
Iy T Ol (wo,y0)

® Then, JU = B(xzp,7) C R"and V = B(yp,s) C R" and a
unique functions g; : U — V, Vx € U, Vy € V such that
filx,g1(x), ..., gm(z)) =0, Vi.

® This is an essential result for the comparative statics analysis
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The Implicit function theorem - A particular case

® Suppose f: R" x R — R has continuous partial derivatives.
® Suppose I(zo, o) € R* x Rs.t. f(20,40) =0, 3L](g,y0) # 0

® Then, 3U = B(xg,r7) C R"and V = B(yp, s) C R such that
there is a unique function

Y = g(ﬂ?) — 9(371, IR 737’”)
defined for x € U and y € V, satistfying

f(z,g9(x)) =0

Proof for n = 2

f g Barcelona
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The Implicit function theorem - Proof (n =2, m = 1)

© o o @

°

Notation: (x, z) = (z,y, 2), (%0,20) = (%0, Yo, 20)
Let f: R? x R — R with f(xq,20) = 0 and 9| (x, ..,y # 0
Suppose (Wlog) %L |, ..y > 0 (otherwise, consider — f)

Because af IS continuously differentiable, da > 0 and b > 0
such that for ||x — xo|| < a and |z — 2| < a, 2L > b.

Also, we may assume 3M > 0 such that |2/| < M and
\af\ < M in the same region.

Since f(xg, z9) = 0, we can rewrite it as

f(X7 Z) — [f(Xa Z) - f(XOaZ)] + [f(X()vz) — f(X()?ZO)]

MOVEQ UHB Barcelona
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The IFT - Proof (2)

°

Consider the term [f(x, z) — f(xq, 2)]

The line segment in R? linking (x, z) to (xg, 2) is:

L:[0,1] - R’ :t— (tx+ (1 —t)xq, 2)
= (tz + (1 — )xo, ty + (1 — t)yo, 2)

Next, define h = fo L :[0,1] — R. Then, for some 0 € (0, 1),
applying the Mean value theorem it follows

f(x,2) — f(x0,2) = h(1) — h(0) = K'(0)
Applying the chain rule to compute A/ (6):

nnnnnnnnnnnnnnnn

|||||||
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The IFT - Proof (3)

r — X
h(0) = (%\L(e) %\L(e) %‘L(G)) Y — Yo
0

of of
= (6’_33 (0x—|—(1—9)x0,z)) (ZC — 370) + (6’_y ((9X—|—(1—9)X0,Z>) (y - yO)' (D)
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The IFT - Proof (4)

°

Consider the term [f(xo, z) — f(X0, 20)]

® The line segment in R? linking (xo, ) to (xo, 20) is:
L:[0,1] = R’ :t — (xo,tz + (1 —t)z)
— (Cl?(),y(),tz T (1 o t)ZO)

® Next, define h = foL:[0,1] — R. Then, for some ¢ € (0,1),
applying the Mean value theorem it follows

f(x0,2) — f(x0,20) = h(1) — h(0) = h'(¢)
® Applying the chain rule to compute h/(¢):

M OVE 9 U NB [
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The IFT - Proof (5)

0 0 0
W(0) = (8w Elow Elow)| 0
Z — Z(

of
(@ (X0>¢Z+(1—¢)zo)) (2 — 20)- (2)

MOVE[} U"B BarOélon
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The IFT - Proof (6)

® From (1) and (2) we can write

of
f(Xa Z) — (%‘(QX—F(l—@)XO,Z)) (aj - $0)+
of
(a_y (9x—|—(1—<9)x0,z)) (y - y0)+

(5 osnsc

for some 6, ¢ € (0,1).
® Now choose

ap € (0,a), and o < min{ag, —

o) (2= 20).

bao
2M

3)

nnnnnnnnnnnnnnnn
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The IFT - Proof (7)

® If ||x —xg|| <9, thenitis easy to see that

of of
(G loxea-0m0)) (@ =70)+ (5 loxr1-00.9 ) (v =0)] < bao
so that

f(x,20+ag) >0 and f(x,z9—ag) <O.
® Applying the intermediate value theorem,
dz € (20 —ap, 20 +ap) St f(x,2)=0

® Also that value is unique, because since % > (0 It may have at
most one root.
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The IFT - Proof (8)

® In other words, take
U= B(x9,0) and V = (zy — ag, 20 + ag)

for each x € U there is a unique z € V such that f(x, z) = 0.
® Thus, we can write z = g(z,y).
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Differentiation of an implicit function

® © o o o o o 0o 0 ©

°

Let f(z1,22) = k, k € R be (continuously) differentiable.
This is a level set of function f(z1,z2).

Assume this function allows to define xo = g(z1), Va1 € I C R

Hence, f(z1,22) = f(z1,9(z1)) = ¢(z1) and thus ¢(z1) = &
Question: Value of dxy/dxq at a point p?

Answer: slope of the tangent to f(x1,22) = k

How to compute that slope?

Applying the chain rule, 49 = 0F O de.

Since ¢(x1) = k,Vxy € I, it follows 2 =

Thus, dqﬁ(”i” — 8x1 + gg 3? =0 or

d
d_iﬂp 83:1 ‘p/a |p= Wlth 7& 0.

MOVEQ UHB Baroelona
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Differentiation of an implicit function - lllustration

® Consider f(z,y) = y> +2? — 32y — 7= 0 around (z,y) = (4,3)
Suppose y(z) exists solving f(z,y) = 0 around (4, 3)

® Substitute y(z) into f(x,y):
y(@) + 2% = 3x[y(z)] =7 =0
#® Differentiate wrt  (use Chain rule):

°

3ly(a)? 0 4 20— 3y(x) — 3l = 0

Odx
ddy  3y(r) — 2z
odr  3ly(x)]? — 3x

® Then, % (4,3) = %
® Remark: % exists if 3[y(x)]> — 3z # 0.
s Again 4+ 0 requiered.
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The Implicit function theorem - an economic application

A macro model of income determination

® Notation
o Y: national income = GDP
o T taxes (lump sum)
® Y, disposable income,Y; =Y — T
o (' consumption. C'(Yy), dC/dY,; € (0,1)
o [:investment
» (: government expenditure

® suppose macro equilibrium: aggr supply = aggr demand
Y=CY-T)+1+G

Questions
® (Can we express Y as a function of I, G, T?
® How variations in I, G, T affect Y?

4 ) Barcelona
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The Implicit function theorem - an economic application (2)

Question (a)
® Define F(Y,I,G.T)=Y -CY -T)-1-G
#® The Implicit function theorem tells us that Y* (I, G, T)) exists in
a neighborhood of (I,G, T) if 9% = 0.
® |etus verify it:
0C 0Yy oC

_ _1_ 7=
0Y, OY ay, =Y

OF

— =1
oY

® therefore such a function exists.

f g Barcelona
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The Implicit function theorem - an economic application (3)

Question (b) - Comparative statics
® The Implicit function theorem tells us that

oY*  OF/OI -1 1

o — OFjoY ~ 1-22 _g_g>0
oY*  OF/OG ~1 1

oG ~ OFjoy — 1-3¢ _g_g>0
oY* _ OF/OT _ —ivet v 0
OT OF/0Y 1 - 5 1 — 5

f 9 Barcelona
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More on comparative statics

#® A firm produces y using an input x; f(z) = z%, a € (0,1)
® (Competitive markets for output and input
® Market prices: p and w
#® Profit function: n(z) = pz® — wx
® Questions: (a) x max 7; (b) dx/dw
® (a)rmaxm
s dr/dr =0 — paz® —w =0
® (b) Assess dx/dw

s Define F(z,w) = paz!®™1) —w
s Since dF/dz = (o — Dapz®=? <0, (i.e. # 0), apply IFT

9

dv.  OF/0w —1 <0
dvw  OF/0x  (a—1)apz@=2)

MOVEQ UHB Barcelona S
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A more general set-up

L I

©® © o o o o 0

Let f(x1,x9,x3) = k be (continuously) differentiable.

Assume this function allows to define
L3 = 9(3717332)7 \V/(le,ﬂjg) el

The IFT guarantees g is also continuously differentiable.

Rewrite f(z1,z2,23) = f(71,22,9(x1,72)) = ¢(1,72)
Since ¢(x1,22) = k,Vay € I, it follows 42 = J2 =
Apply chain rule to compute /2 and 42

& = 0= + 5 52 Therefore, 32 = — 7L /57
T =0 =55 + 5L, 52 Therefore, 52t = — 5L /57
with gi = .

M/ VE? U"B
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The general case

® Llet f(x1,...,x,) = k be differentiable.

Assume this function allows to define

Tn =g(x1,...,Tp-1), V(x1,...,2p_1) €I

where [ is defined as the set of points (z1,...,2y—1)
satistying f(x1,...,x,) = k.

°

The IFT guarantees g is also continuously differentiable.
Rewrite f(x1,...,2,) = ¢(x1,...,Tpn_1)

Since ¢(z1,...,an—1) =k, it follows 92 =0,i=1,. — 1.

Apply chain rule to compute 42 :

of oOf 0xn ; _
O—a +axn8§i,l—1,...,’n—1.

da:z o

| D
Thus, 9= = — 8%/8% — ..,n—l,WIthaw{L#O.

© © o o o 0
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The inverse function

Definition
® |et Aand B be two sets
® Llet f: A— B beone-to-one.
® An inverse function for f (often denoted as f—!) is a function
g : B — A satisfying
f(g(b)) =b, Vb e B, and
f(g(a)) =a, Va e A

® Remark 1: If g is inverse for f, then f is inverse for g

® Remark?2: [D;=R,; D, = Ry] — f and g defined on the
same dimensional space.
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Inverse function - lllustration
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The inverse function (2)

Example
flz) =2®, x €[0,00) ¢ g(x) =,V € [0,00)
Alternative notations

f(x) =22 z€[0,00) < f1(x)=+x,Vzec[0,00)

y =z’ 1€ 0,00) < z=/y,Vy € |0,00)

elona “
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Inverse function - Theorem

One variable

® If f(z) : R — Ris continuously differentiable (C') at = with
f/(iEo) 7& 0, then
a) fisinvertible in B(xg,r), and

b) f~!isalso C! and (f_l)/(f(xo)) = o)
Several variables

® If f(x1,...,2,): R" — R"is continuously differentiable (C*)
atp = (Z1,...,%n) With J¢(p) # 0, then
a) f is invertible around p, and

b) f~'isalso C' and J;(f(p)) = 715

f g Barcelona
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Inverse function - Example

Compute inverse function

f@)=a* =4 — @) = (fa)+4)"

Compute (f~1)'(212)
Step 1
fz) =212

xr = (216)1/3 —6 } — f(6) = 212

Step 2 f/(z) = 3x%;  f'(6) = 108
Step 3 (f~1)(212) = f%@ = 1/108.

f g Barcelona
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The inverse function theorem - example

® letf=(f1,[f) withu(x,y) = fi(z,y) = # and
v(x,y) = fo(z,y) = sinx 4 cosy.
® 1.- Find the points (xg, yo) around which we can solve for
(x,y) in terms of (u,v)
o Compute the Jacobian matrix:

8f1 %fl 3x4_y4 M
J Y — x? x
I= %J;Q %J;Q cosr —siny
» Compute detjf _ (337 —y*)siny 4y COS T

o We are looking for (x,y) s.t. detJ f # () In general this
cannot be solved explicitly.

» In this example one such points is (zo, y0) = (5, 5)-
» Around that point we can obtain = = g;(u,v) and
y = go(u,v).

f g Barcelona
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The inverse function theorem - example (cont’d)

B Or Ox Oy Oy
#» 2.- Compute 57, 5, 52, =

» The theorem tells us to invert the Jacobian matrix:

v _du 0z Oz
oy oy | — | Ou Ov
I =g | % o) =15 &

Ox ox ov Ov
o Thatis
dxr __ 1 . . —z?siny
ou (_ (3w4—y24) siny _ 4y3 cosw ) SINY = Sn y(y*—3x*)—4y3x cosx
etc.

nnnnnnnnnnnnnnn
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The inverse function - An economic illustration

® Assume the demand of a certain consumption good depends
on its price according to g4 = f(p)

® From the perspective of the consumer this is often the way to
look at the demand decision. Consumers observe the price
and decide the amount to buy.

® From the perspective of an oligopolistic firm the decision of
the choice variable hinges on the type of competition:

o Cournot competition: firms choose the (optimal) volume
of production and market forces determine the price.
These firms defines their profit functions using the inverse

demand function p = f~1(gq)

# Bertrand competition: firms choose the (optimal) price
and market forces determine the quantity bought. These
firms defines their profit functions using the (direct)
demand function g5 = f(p)
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Homogeneous functions

Definition

#® A function f(x1,...,x,) defined on a domain D is
homogeneous of degree k if

V(x1,...,2p) €D, f(toy,... tey) =tFf(z1,...,Tp)
Example: Cobb-Douglas function
® f(x,y) = 2%’ is homogeneous of degree a + b (H**?)
f(tx, ty) = (tx)*(ty)" = 0D goyb = 1010 f (2, y)
Let f be a production function
If (a+0) =1, f(tz,ty) = tf(x,y) Constant returns to scale

If (a +0b)>1, f(te,ty) = t(“+b)f(x,y) > tf(z,y) IRS
If (a +0b) <1, f(te,ty) = t(“+b)f(x,y) <tf(x,y) DRS

© o o 0 b
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Homogeneous functions (2)

Theorem (Euler)

9

9

Let f(z1,...,z,) be continuously differentiable in an open
domain D.

Let ¢ > 0 such that (z1,...,z,) € D implies (tx1,...,tx,) € D.

Then, f is homogeneous of degree k iff
2?21 z; 8f(a:é;;.,a:n) — ]gf(gjh . ,xn),V(xl, e ,Qﬁn) e D.

e, f(txy, ... tep) =thf(z1,...,2,) =
OF (21,
D i T f(xaxi et kf(xy,...,xp)

nnnnnnnnnnnnnnnn
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Homogeneous functions (3)

Proof of Euler’s theorem
® Step 1 (=)
# Suppose f is homogeneous if degree k. Then,
fltzy, ... txy) =tFf(x1, ..., 20)
» Differentiating wrt ¢ we obtain

n of(txy,....tx, _
Zz’zl X; f(t oz, ¢ ) = ktk 1f(.fl?1, R ,.fl?n)
s Sett=1sothat) " | z; af(mé;;"x“) =kf(x1,...,2p)
» Step 2 («)
o Assume > " .z 8“'%;;"“7”) =kf(zy,...,2n) [

o Fix (z1,...,x,) and define Vt > 0,

gt) =t Ff(txy, ... txy) — f(z1,...,2,) [B]

elona 5
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Homogeneous functions (4)

Proof of Euler's theorem (cont'd)

» Step 2 («)
» Differentiate ¢(t) to obtain
g'(t) =
A (%12 PR 70 I il N> 8]((“5;;"””) ]
o Giventhat (txq,...,tx,) € D, |a] must also hold when

replacing x; by tz;. Therefore,

St e lO0) (4Lt (6]

» Substitute [4] in [3] to obtain V¢ > 0
g ) = =kt "1 f(taey, ... tan) + kt P (e, ... tT)
i.e. ¢'(t) =0

» Accordingly ¢g(t) must be a constant function. To identify
that constant, just note that from [5] we obtain ¢g(1) = 0.
Therefore g(t) = 0.

f g Barcelona
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Homogeneous functions (5)

Homogeneous functions - Proof of Euler’s theorem (cont'd)
® Siep 2 («<)(contd)
o Applying g(t) = 0in [3] yields
tFf(tzr, ... ten) = f(T1,...,2,) OF

fltzy, ... txy) =tFf(x1, ..., 20)
meaning that f is homogeneous of degree k.

f g Barcelona
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Homothetic functions

Definition
® A function f : R" — R is homothetic if it can be obtained as
the composition of a homogeneous function ~ : R® — R and
a monotonic increasing function g : R — R.
Thatis, f = g(h(z1,...,x,)) Or equivalently, f is a monotonic
transformation of a homogeneous function.

Two properties

® Theorem 1: The level sets of a homothetic function are radial
expansions of one another, that is
f(x1,...,zn) = f(y1,-...,yn) iIMmplies
f(txy, ... txy) = f(tyr,..., tyn), t > 0.

® Theorem 2: the slopes of the level sets of a homothetic
function along a ray from the origin are constant, that is,

8f(t331,...,txn) 8-]0(3717'--73777,)
B 8f(tx17---at33n) o 8f(331,...,xn) ) VZ?]) > O

mmmmmmmmmmmmmmmm SEE:: OPT - p.60/91
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Homothetic functions (2)

Proof of theorem 1
® Because fis homothetic, f(tx1,... tx,) = g(h(tzy,..., txy,))

® Because h(xq,...,x,) is homogeneous,
h(tzy,. .., tr,) = tFh(xy, ..., z,)
® Because we deal with level sets, h(x1,...,z,) = h(y1, ..., Yn)

® (Combining altoghether,
f(txy, ... txy) = g(h(txy, ..., tx,))

= g(tkh(ml, e, X)) =
g h(y1, ... yn)) = g(h(tyr, ... yn)) =

(tyl, c e ,tyn)

M/_VE? unB Lo
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Homothetic functions (3)

Proof of theorem 2

#® |n consumer theory, the theorem would say that the MRS for a

homothetic function is homogeneous of degree zero.

® Because f(txy,...,tr,) is homogeneous,

Of(txy,....tx,,) _ O0g(h(txy,...,tx,))

® (Computing the derivative,

Og(h(txy,....,txy)) g/(h(tﬂjl, o ’txn))ah(txl,...,ta:n)

® (Combining these expressions,
Of (txy,...,tx,) Og(h(txy,...,txy,))

Of(tx1,....tx,)  Og(h(tzy,...tx,))
8563' 8563'
/ Oh(txq,...,tx, Oh(txq,...,tx,
g (h(txy,... txy)) ( oy ) B ( S )
Oh(tzy,....tx,)  Oh(tx:,...tx,
g (h(tzy, ... tx,)) Epeatn) Lt

nnnnnnnnnnnnnnnnnn
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Homothetic functions (4)

Proof of theorem 2 (cont'd)

® Because h is homogeneous,
Oh(txy,...,tz,) OtPh(xy,...,x,) ik Oh(x1,..,T0) Oh(x1,...,Tn)

Oh(txy,...,tx,)  OtFh(zi,..,x,) 1k Oh(x1,...;xn)  Oh(x1,...,Tn)
8563' 8563' 8563' 851’,‘3'

® Summarizing we have obtained
Of (txy,...,tx,) Oh(x1,....,xy)

Of(tx1,....txy,)  Oh(x1,..,Tn)
8333' 833‘3'

® Fort=1, |a] becomes
Of (T1,...,xn) Oh(x1,...,x,)

) — Oy P
3a:j 8333'

® Combining [« and [3] completes the proof.
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Homogeneous vs homothetic functions

® A homogeneous function of degree k is homothetic

9

°

°

o o o 0@

o

Let f(x) be a homogeneous function of degree k
Let H be a strictly increasing function

Define F'(x) = H(f(x)). Then F' is homothetic. To see
why, take (x,y) such that

F(x) = F(y) and show that F'(tz) = F(ty).

It F(x) = F(y) then H(f(x)) = H(f(y)).

because H' > 0 it follows f(z) = f(y)

because f is homogeneous of degree k, for ¢ > 0 we have
F(tx) = H(f(tx)) = H(t" f(2)) = H(t"F(y)) =

H(f(ty)) = F(ty)

thus proving that F' is homothetic.

® the converse does not hold.
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Homogeneous vs homothetic functions (2)

® Not all homothetic functions are homogeneous.
s Let F(x,y) = alog(x) + blog(y) = log(x*y®) for all
x>0,y >0witha>0,b>0
» the log function is strictly increasing

s the function z%y° is homogeneous of degree a + b.

o Thus, F(x,y) is a stricly increasing function of a
homogeneous function. But it is not homothetic. Let's see
why:

s F(tz,ty) = log((tx)*(ty)") = log(t*+*xy’) =
(a +b) log(t) + log(zy")

s which cannot be written as ¢* log(z%°) for any value of k.
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Homogeneous vs homothetic functions (3)

® Economic applications

» (Consumer theory: Homogeneous preferences and
implications for properties of the demand functions

# Producer theory: Production functions (and their dual cost
functions) and their implications for properties os supply
functions

» Implications of homogeneous/homothetic functions on the
properties of market equilibrium.
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Approximation of functions

Motivation

9
9

9

9

9

f may be extremely complex

often interest of analysis only around some point (e.g.
equilibrium point), or subdomain

obtaining information about f(z) for x € B(xzg,r) is often
sufficient

approximating f(x) for x € B(xg,r) by means of an auxiliary
(polynomial) function

trade-off between simplicity of approximation and its accuracy

Approximation

9

linear, quadratic, cubic, ...

#® the higher the order of the polynomial the higher the accuracy

of the approximation

nnnnnnnnnnnnnnnn
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Linear approximations

Definition
® Let f(z) be differentiable.
® Let o be apointin Dy

® A linear approximation to the value of f(z) around xg, is the
tangent line to f(x) at xg

#® The tangent line to f(z) at z¢ has the equation:
P(z) = Ao + A1(x — x0)

® Question: How to determine Ay and A,?

® P(x) has to satisfy 2 conditions
and

® where P(xg) = Ap and P'(xg) = A4
® then P(x) = f(xo) + f'(x0)(x — ) and
® f(x)~ P(x)forx € B(xg,r)
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Linear approximations (2)

Example

® let f(z)=+x
#® Find a linear approximation to f(x) around xy = 1
® Near g = 1 we have

P(z) = f(1)+ f(1)(z —1)

P(z) = 1—|—%(a?—1)

® A linear approximation to f(x) = +/z around =z = 1 is given by
Plx) =14 3(z—1) =2t
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Linear approximations (3)
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Linear approximation and differential of f

Differential of f
® lety= f(x) be differentiable.

® The dy is defined as
dy = f'(z)dz

® where dx 1S an arbitrary variation of in the value of
X.

® Remark: dy is proportional to dz with f/(x) being the factor of
proportionality —

® dy represents NOT the change value of f(x) when = changes
to x + Ax (i.e. along f(x)) BUT the change in the value of y
along the straight line with slope f/(x) (i.e. along P(x))
® Consider a movement from t to R (see figure).
» moving along f(x) yields Ay = f(x + Ax) — f(x)
» moving along P(x) yields dy = P(x + Az) — P(x)
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Linear approximation and differential of [ (2)
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Linear approximation and differential of [ (2)

°

for small Az, P(x) represents a linear approximation to f(x)

°

Therefore |dy — Ay| gives a measure of the error incurred
when following the linear approximation instead of the function

® similar arguments in R® and higher dimensions
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Linear approximations in R’

Definition
® letz= f(z,y) be differentiable.
® let P=(a,b,c)be apoint with ¢ = f(a,b).
#® The tangent plane to f(x,y) at P has the equation:
Z—c= %(m—a)—k%z’b)(y—b)

® The tangent plane to f(x,y) at P is a linear approximation to
the value of f(z,y) around P, i.e.

f(z.y) = fla,b) + 220 (z — a) + 202D () — )

4 9 Barcelona
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Differential of a function in R’

Definition

9
9
9

9

Let 2 = f(z,y) be differentiable.
Let dx and dy be arbitrary real numbers (small or not)

The differential of z = f(x,y) at (a,b), denoted by dz (or df) is

defined as dz = af(“ b)d — 8f(“ ) dy

In general, for z = f(x1,...,2,), dz2= > 833 I dz;.

Measurement error

9
9

9
9

Assume (a,b) varies to (a + dz, b + dy).

The variation in the value of f is
Az = f(a+dx,b+dy) — f(a,b)

If dx and dy are small, then, Az ~ dz.

The difference dz — Az results from following the tangent
plane instead of the surface.
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Differential and tangent plane - lllustration

fla+dz,b+dy)|--5-q4-----~-
flab) [t Immes

-—
——
-

—_—
-—
-
-
-
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Higher order approximations and Taylor’s theorem

Introduction
® Linear approximation — measurement error.

® Two questions:
a) how to improve the accuracy of the approximation.
b) how to evaluate the measurement error.

® Answers:
a) Taylor’'s polynomial of degree n.

b) Taylor's theorem and (extended) mean-value theorem.
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Improving accuracy

® Llet f:[a,b] — R be continuously differentiable at ¢ € (a,b).

°

Linear approximation: fits slope around c:

fla) = f(c)+ f(c)(@ —c)

® Quadratic approximation: fits slope and approximates
curvature around c:

f(@) = fle) + f'(e)(@ —¢) + 5.f (e)(z — )

® Approximations with polynomials of degrees 3,4, ... allow to
capture better and better the properties of f(xz) around c.

#® Taylor’s polynomial of degree n, P, (z):
Pn(z) =

fle)+ fle)(w—c) + g f (e)(z =) + -+ 5 f M ()@ — )"
#® Still measurement error: E,(x) = f(x) — Pp(x)
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Improving accuracy - Quadratic approximation

9

L I

© o o @

A quadratic approximation to f(x) around x = zq is a
quadratic function tangent to f(x) at xo.

The tangent quadratic function has the equation
P(x) = Ay + Ai(x — 29) + As(x — 29)?

Question: Determine Ay, A1, Ax?

P(x) has to satisfy three conditions
and

As before, Ay = f(x0), A1 = f'(x0)

P"(x) = 243 so that Ay = 3 " (z0) = 5 /" (x0)

then P(x) = f(x0) + f'(z0)(z — x0) + 5 f" (w0)(x — 20)”
and f(z) ~ f(x0) + f'(x0)(x — o) + 5./ (x0)(x — w0)?
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Improving accuracy - Quadratic approximation (2)

Example

® let f(z)=+x
#® Find a quadratic approximation to f(x) around xzg =1
® Near g = 1 we have

P(@) = f(1) + () — 1) + o " (1) — 1)7
P(x) =1+ %(x — 1)+ %_Il(a? — 1)

® A quadratic approximation to f(z) = /z around x = 1 is given
by
z+1  (z-— 1)

Plo) == 8

f g Barcelona
M JX&%;’“;’:’ [lngﬂﬂ“ﬁml S =‘ : , o
a :

OPT - p.80/91

nnnnnn



Improving accuracy - Quadratic approximation (3)
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Improving accuracy (3)

#® Generalization to function of multiple variables

® Let f: R" — R be continuously differentiable at
c=(C1,...,Cn).

® Linear approximation: fits slope around c:
f(x) ~ f(c)+ Df(c)(x — c) where D f(c) is Jacobian matrix.

® Quadratic approximation: fits slope and approximates
curvature around c:
f(z) = f(c) + f'(e)(x — ¢) + gr(x — )" H f(c)(z — ) where
H f(c) is Hessian matrix
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Measuring the error

Recall

®» Mean-value theorem
o Let f:|a,b] — R be continuous in [a, b] and differentiable
in (a,b). Then, dc € (a,b) such that f'(c) = f(bl)):f;(“),
e orequivalently, f(b) = f(a) + f'(c)(b— a).
#® Extended mean-value theorem
o Let f:[a,b] — R.If fand f’ are continuous in [a, b] and
differentiable in (a,b). Then, dc € (a, b) such that
f(b) = f(a) + f(c)(b—a) + 5[ (c)(b—a)*.
® Rolle’s theorem

o Let f:]a,b] — R be continuous in [a, b] and differentiable
in (a,b). Suppose f(a) = f(b). Then, Jc € (a,b) such that
f'(¢) =0
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Measuring the error (2)

Taylor’s theorem

® The measurement error associated to the Taylor's polynomial
of degree nis: E,(x) = f(x) — P,(x)

® Taylor's theorem provides an estimation for this error function

#® The basic content of the theorem is that the error is
determined by the distance between x and ¢ and by the
(n + 1)%* derivative of f. Formally,

Let f be (n + 1)-times differentiable.
Let P,(z) be the Taylor polynomial of degree n of f around c.

© o @

Then for any value = # ¢, 3b € (¢, x) such that
f(2) = Pa(@) + Gk [V (0) (@ — )+

where the last term is called the error term of the
approximation, R, 1 (x).
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Linear approximation and differential of [ (2)
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Measuring the error (3)

Taylor’s theorem (cont’d)

® Remark 1: For n = 0 the theorem reduces to the Mean-value
theorem.

® Remark 2: an equivalent way of stating the theorem is:

s Let M < |f(»*+1)(z)| on a neighborhood of c.

# Then, for any z, the error of the Taylor approximation is
bounded as |f(x) — P,(z)| < ﬁf\ﬂw — [t

® Remark 3: If f*+D(2) =0, then R,41(z) = 0. It means that f
IS a polynomial of degree n. Therefore, the Taylor
approximation of degree n is exact.
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Taylor’s theorem - Proof

Step 1. A Lemma

® let f be (n+ 1)-times differentiable.

® Suppose that f(c) = f'(c) = f"(¢c)=--- = f™(c) =0

® Suppose that 9z # ¢ such that f(x) = 0.

® Then, 3b € (¢, x) such that f(**D(b) = 0.
Proof

® As f(c)=0, f(x) =0 Rolle’s thm 3b; € (¢, x) s.t. f/(by) =0
As f'(¢) =0, f'(by) = 0 Rolle’s thm 3b, € (¢, b1) s.t. f"(b2) =0
lterate argument to generate sequence by, bs, ..., b,

Eventually, we will find b, € (c,z) s.t. f*1) =0

© o o ©

Select b,, = b as the desired value of b.
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Taylor’s theorem - Proof (2)

Step 2

9

© © o o o © o ©

°

Let P,(x) be the degree n Taylor approx at c.

Define g(x) = f(x) — P.(x) (error at x # c).
Then, g(c) = ¢'(c) = g"(c) = ..., g"(c) = 0
Define k = — -4 or g(z) = —k(z — ¢)" ™V [a]

Define h(z) = g(z) + k(x — ¢)(*tD).

Then, h(c) = h/(c) = h"(c) =

k™ (c) =0 and h(x)

Lemma— 3b € (¢, y) s.t. A»T(b) =0
Observe that A"t (z) = gD () + k(n + 1)!

Also, ¢+ 1) ()
Thus, A"+ (z)

= "t (x) (as P,(z) has degree n)

= [+ (z) + k(n +1)!

= 0.
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Taylor’s theorem - Proof (3)

Step 2 (cont'd)
® Atz =b,using lemma R () = FOHD(B) + k(n + 1) =0
® Thus, k=-L£ "0 g

(n+1)!

® Combining [«] and [3] it follows
glz)  _ fUrH(b)
(x—c)(n+D) (n+1)!

(n+1)
9(2) = L (@ — o)

(n+1)
f(@) = Pa(a) = fgpy (2 — o)+

(n+1)
f@) = Pu(@) + oy (@ — o)+
and this is Taylor’s theorem.
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Linear approximation and inverse function

Intuition
® let A C R" be an open set.
® Consider zp € Aand f : A — R" be of class C'.

® Alinear approximation to f around x is defined as the sum of
f(xp) and a linear function J f (xg).

® |[f Jf(zg) is invertible (i.e. detJ f(xg) # 0), then we may hope
that f will be invertible as well around .

#® Note that f being invertible is a local property defined around
a point xg € A.

® The inverse function theorem is useful because it asserts
whether there are solutions to equations and explains how to
differentiate the solutions, although it may be impossible to
solve the equations explicitly.
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Linear approximation and inverse function (2)

Theorem

9

o o @

°

Let A € R" be an open set.
Consider zp € Aand f : A — R" be of class C'.
Suppose detJ f(xg) # 0.

Then, AU = B(xzg,r) C Aand 3V = B(f(xg), s) open, such
that f(U) =V and f hasa C' inverse f~1:V — U.

Moreover, fory € V,z = f~1(y), we have
JfHy) = [Jf(x)] "

If fis of class C?, sois f~!.
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